m 



m 



GLOBAL C 2 ESTIMATES FOR CONVEX SOLUTIONS OF 
CURVATURE EQUATIONS 

PENGFEI GUAN, CHANGYU REN, AND ZHIZHANG WANG 



(*— ■) ■ Abstract. We establish C 2 a priori estimate for convex hypersurfaces whose princi- 

£\J \ pal curvatures k = (fti,--- ,K n ) satisfying Weingarten curvature equation ak(K(X)) = 

f(X, v(X)). We also obtain such estimate for admissible 2-convex hypersurfaces in the 

O ,' case k — 2. Our estimates resolve a longstanding problem in geometric fully nonlinear 

^* , elliptic equations considered in [3"1 1191 I27J1 114] , 

I— l' 1. INTRODUCTION 

^ ■ This paper concerns a longstanding problem of the global C 2 estimates for the Wein- 

garten curvature equation in general form 

ta- (1-1) a k (K(X))=f(X,is(X)), VleM, 

where a^ is the kth. elementary symmetric function, v{X) is the outer-normal and k(X) = 
(/ci, • • • , K n ) are principal curvatures of hypersurface M C M n+1 at X. The mean curva- 
ture, scalar curvature and Gauss curvature correspond to k = 1,2 and n, respectively. 

Equation (jl.ip is associated with many important geometric problems. The Minkowski 

problem (|21 j l22 j [23 | [9]). the problem of prescribing general Weingarten curvature on outer 

f ■») ■ normals by Alexandrov J3j [13] , the problem of prescribing curvature measures in convex 

J"""-. , geometry (2J [22], [15] [14] ) , the prescribing curvature problem considered [U |24] E] , all these 

■^ | geometric problems fall into equation (jl.ip with special form of / respectively. Equation 

(jl.ip has been studied extensively, it is a special type of general equations systemically 

studied by Alexandrov in [3]. When k = 1, equation (jl.ip is quasilinear, C 2 estimate 

follows from the classical theory of quasilinear PDE. The equation is of Monge- Ampere 

type if k = n, C 2 estimate in this case for general f(X,u) is due to Caffarelli-Nirenberg- 

S^ | Spruck [6]. For the intermediate cases 1 < k < n, C 2 estimates have been proved in some 

special cases. When / is independent of normal vector v, C 2 estimate has been proved by 

Caffralli-Nirenberg-Spruck [8] for a general class of fully nonlinear operators F, including 

F = <7fc, F = — . If / in (jl.ip depends only on u, C 2 estimate was proved in [13]. Ivochkina 

|19jl20| considered the Dirichlet problem of equation (jl.ip on domains in M n , C 2 estimate 

was proved there under some extra conditions on the dependence of / on v. C 2 estimate 

was also proved for equation of prescribing curvature measures problem in [15j [T4] , where 

f(X,u) = {X,v)f(X). 
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We establish C 2 estimate for convex solutions of equation (jl.ip for 1 < k < n and C 2 
estimate for admissible solutions of equation (|l.lj) for k = 2. C 2 estimates for equation 
(|1.1|) is equivalent to the curvature estimates from above for «!,-•• , /s n . We state the 
main results of this paper. 

Theorem 1. Suppose M C W n+1 is a closed convex hypersurface satisfying curvature 
equation lil.l]) for some positive function f(X, v) G C 2 (T), where T is an open neighborhood 
of unit normal bundle of M in M n+1 x S n , suppose M encloses a ball of radius r^ > 0, 
then there is a constant C depending only on n,k, ro, inf / and ||/||c 2 j such that 

(1.2) max kAX) < C. 
V ' XeM,i=l,-,n V ; ~ 

Estimate (jl.2p is special to equation (jl.ip . One may ask if estimate (|1.2p can be gen- 
eralized to this type of curvature equations when / depends on (X, u) as in (jl.ip . The 
answer is no in general. 

Theorem 2. For each 1 < / < k < n, there exist C > 0, rg > and a sequence of smooth 
positive functions ft{X, v) with 

H/t||c 3 (]R™+ 1 x§") + II "7" llc 3 (]R n + 1 xS«) ^ C> 

and a sequence of strictly convex hypersurface Mt C M. n+1 with Mt encloses B ro (0) satis- 
fying quotient of curvatures equation 

(1.3) ~(k) = f t (X,u), 

such that estimate lil.ty) fails. 

It is desirable to drop the convexity assumption in Theorem [TJ In the case of scalar 
curvature equation (k = 2), we establish estimate (|1.2j) for starshaped admissible solutions 
of equation (jl.ip . The general case 2 < k < n is still open. 

Following [7j, we define 

Definition 3. For a domain Q C W 1 , a function v £ C 2 (f2) is called k-convex if the 
eigenvalues X(x) = (Ai(x), • • • , A n (x)) of the hessian V 2 v(x) is in T^ for all x6fl, where 
Tfe is the Garding's cone 

r fc = {Ael n | a m (\)>0, m = l,---,k}. 

A C 2 regular hypersurface M C W l+1 is k-convex if k(X) G T^ for all X S M. 

Theorem 4. Suppose k = 2 and suppose M C R n+1 is a closed starshaped 2-convex hy- 
persurface satisfying curvature equation lil.l]) for some positive function f(X, v) G C 2 (T), 
where V is an open neighborhood of unit normal bundle of M in W l+1 x S™, suppose 
M = {p{x)x\x G S n } is starshaped with respect to the origin, then there is a constant C 
depending only on n,k, inip, \\p\\c l > i n f / an d ||/||c 2 > such that 

(1.4) max kAX) < C. 



Theorem Q] and Theorem U] are stated for compact hyper surf aces, the corresponding 
estimates hold for solutions of equation (11. ip with boundary conditions, with C in the 
right hand side of (jl.2p and (jl,4p depending C 2 norm on the boundary in addition. 

The proof of above two theorems relies on maximum principles for appropriate cur- 
vature functions. The novelty of this paper is the discovery of some new test curvature 
functions. They are nonlinear in terms of the principal curvatures with some good con- 
vexity properties. 

With appropriate barrier conditions on function /, one may establish existence results 
of the prescribing curvature problem (jl.ip in general. 

Theorem 5. Suppose f G C 2 (M n+1 x S n ) is a positive function and suppose there is a 
constant r > 1 such that, 



X <Tfc(l, 

\X\ ) ^ r k 



U- 5 ) /(*,l£r)< \ k for \X\ 




and f l ' k (X, u) is a locally convex in X G B r (0) for any fixed j/G§™, then equation il.l\) 
has a strictly convex C 3 ' Q solution inside B r . 

To state a corresponding existence result for 2-convex solutions of the prescribed scalar 
curvature equation (jl.ip . we need further barrier conditions on the prescribed function / 
as considered in (U1M1IE]- We denote p(X) = \X\. 

We assume that 
Condition (1). There are two positive constant r\ < 1 < ri such that 



(1.6) 



Condition (2). For any fixed unit vector u, 

(1.7) ^~(p k f(X, v)) ^ 0, where |X| = p. 

Theorem 6. Suppose k = 2 and suppose positive function f G C 2 (B r2 \B ri x § n ) satisfies 
conditions $1.6\) and ^l.T\ ), then equation hl.l\) has a unique C 3,a starshaped solution M 
in {r\ < |X| < r2J. 



The organization of the paper is as follow. As an illustration, we give a short proof of 
C 2 estimate for o"2-Hessian equation on IR 2 in Section 2. Theorem U and Theorem Q] are 
proved in Section 3 and Section 4 respectively. Section 5 is devoted to various existence 
theorems. Construction of examples of convex hypersurfaces stated in Theorem [2] appears 
in Section 6. 



2. The Hessian equation for k = 2 
We first consider 02-Hessian equations in a domain Q C M n+1 : 

a 2 [D 2 u] = f(x,u,Du), 



(2.1) 

U\dQ 

We believe C 2 estimates for equation (|2.ip is known. Since we are not able to find any 
reference in the literature, a proof is produced here to serve as an illustration. 
We need following lemma which is a slightly improvement of Lemma 1 in |14| . 



Lemma 7. Assume that k > I, W = (wij) is a Codazzi tensor which is in T k . Denote 
a = -. Then, for h = 1, • • • , n, we have the following inequality, 

Ki I 



a vvm a ppm 

(2-2) - (W)Wpp h W qg h + — (W)w pph W qqh 

> ( MW)) h (ai(W))h \ (,, u ((Tk(W)) h , Ao-i{W)) h 

* \ a k {W) a^W) ){ [a ij a k (W) ( " + ij a^W) 

Furthermore, for any 6 > 0, 

(2.3) -of' qq (W)w pph w qqh + (1 - a + j) fa^)* 



5' a k (W) 
^ a k {W){a + 1 - 5a) 
Proof. Define a function 



(vi(W)) h i: 
o-i(W) 



^(W)af™ q (W)Wpp h W qqh . 
0~l 



r£*U/(fc-0 



>^ = M^)"> "• = — ,^-t-j^,- 



Differentiate it twice, 



EEL _L^!_ I ^ 

F k — I o~ k k — I o~i 



F PPm ppppqq i aPPm 1 a PP a m 1 a n>m 1 a PP a m 

_ F F 2 ~ ~k^~l~ k k-l a\ k-l a t + k-l a? ' 

By the concavity of F and using previous two equalities, 

i / „pp „pp\ / -ai ^ii\ „ppm rrPP^r'n JPPM „PP„11 

I °k a l \ ( a k I \ ~> a k _ °k a k _ a l , a l a l 



k-l \a k (Xi J \a k Oi ) ' a k a\ a x of 

Here the meaning of " ^ " is for comparison of positive definite matrices. Hence, for 
each h with (tom, • • • ,w nn h), we obtain (|2.2p . (|2.3|) follows from (|2.2p and the Schwarz 
inequality. D 



Consider 



max ex.r>i-\Du\ 2 -\ — |x| 2 |ti«, 
|e|=i,xen 2 1 ' 2 1 ' ; «' 



where s to be determined later. Suppose that the maximum of <p ls achieved at some 
point xq in Q, along some direction £. We may assume that £ = (1, 0, • • • , 0). Rotating the 
coordinates if necessary, we may assume the matrix (mj,-) is diagonal, and u\\ ^ U22 • • • ^ 
u nn at the point. 

Differentiate the function twice at xq, 

(2.4) + euiUu + axi = 0, 

Mil 

and 

2 

(2.5) — - ^i + V £u fcUwi + eu\ + a < 0. 

Mil «fi V 



Contract with the matrix o™ U\\ 



2 

(2.6) 4*«n« - of — + -"li V eu k a%u kii + wneof "4 + oV oj'un < 0. 

Mil 'V 

At xo, differentiate equation (jl.ip twice, 

(2.7) <T 2 Uuj = Jj + J n Mj + JpjUjji 

and 

= /j'j + ^JjuUj + 2jj Pj Ujj + /uu'Wj + ^JupjUjUjj + /u'Wjj + JPjPj U jj + ^_, JPk U kjj- 

k 

Choose j = 1 in the above equation, and insert (j2.8[) into (|2.6p . 

> - C - Cmh + / PlPl Mii + ^J f Pk u ku - a 2 Jq ' rs u pql u rs \ 

k 
.. u 2 . 

- o^^h- + Ull V eu k o l 2 l u kii + uueaful + aV a" tin. 
fe j 

Use (E2D and (I2T71) . 

X] /pk^fcii + u n X] £U k a 2 u kii = «li ^2{eu k f k + e/#f - ax k f Pk ). 

k k k 

Then 

u 2 

(2.9) ^s -C - Cuii + /pipi«ll - J] "PPl^rrl + S U P9! ~ ff "~ 

p^r p^g 

+MnecT2 r M 2 i + (n - l)oun ^ u fcfc . 

Choose A; = 2, Z = 1 and h = 1 in Lemma [TJ we have, 

-VnppiM r ,i + (l-a + ^)^i ^ (a + 1- Sa)a 2 [—] 2 > 0. 

*-f a 2 ' (J\ 



Inequality (|2.9p becomes, 

(2.10) > -C-Cuu + f Pl p 1 u 2 1 i + (n-l)au 2 n -C(a 2 ) 2 1 

+uiiea%u% + 2 ^ ■ 



ii V'lli 
u llk ~ °2 ~ 

Ml U 



ii U \\i 



> ((n - l)o - Co)«ii + «ii£ff2 «« + 2 5Z "life - ^2 

where we have used (12. 4p and the Schwarz inequality. We claim, if a is chosen sufficient 
large such that 

(n - l)a -C >1, 

then 

(2.11) u^eoiul + 2j>? lfc - 4*^11 > o. 

(]2.10p will yield an upper bound of u\\. 

We prove the claim (|2.1ip . We may assume that un is sufficient large. By (|2,4p and 
the Schwarz inequality, 

u 2 

(2.12) <j^ 1 'Uiieu? 1 -o-i 1 ^ii ^ ff2 «n(e«ii ~ 2e 2 u\u\ x - 2a 2 x\). 

If we require 

(2.13) e ^ 3e 2 max|Vn| 2 , 

n 

and if u\\ sufficient large, (|2.12p is nonnegative. As in [10J . we divide it into two different 
cases. Denote Aj = uu- 

n-X 

(A) 2_. \ ^ Ai. In this case, for i 7^ 1, since Ai ^ A2 ^ • • • ^ A n , 

i=2 

2«ii ^ (J™. 

Hence, 



Combine with (pTT2j) . we obtain ([231]) 

Ai 
n-2 



n— 1 

(B) > Aj ^ Ai, then ^ A2 ^ Ai . We further divide this case into two subcases. 



i=2 



(Bl) Suppose a 2 ^ 1. Using (J2.13J) . (j2.4|) and the Schwarz inequality, 



;U? 






2 
Who x > / i i 9 a U 



--af Ull eul 2 - of^H + ^{a^uueul - at 



ii "Hi ' 



Wll ^ «11 



^22 I 2 n 2 2 2 n 2 2\ , V^ ii I 2 r, 2 2 2 r, 

^cr 2 u 11 {eu 22 - 2e u 2 u 22 - 2a x 2 ) + 2_^ a 2 «uKi - 2e « - 2a 



2 s?) 



j>2 
i>2 



> £ \3 --3,2 

^3(n-2)2 Al " GAl ' 

it is nonnegative if Ai is sufficient large. In view of (j2.12|) . in this subcase, (|2.1ip holds. 

(B2) Suppose a 2 2 < 1. Again, we may assume that Ai is sufficient large, we have 
A n < 0. By the assumption, 1 ^ Ai + (n — 2)A n . It implies, 

—A n ^ — ■ 

n — 2 

Since a 2 n + A n = Ai + a\ l , we have a 2 n ^ Ai. We get 
u u e 2^ cr 2 u u - 2_^a 2 — 



~ n ™„ ,-„ 2 nn "lira , V^ f^n,,, ,~„.2 ji u lli\ 

=cj 2 nneu n „ - o- 2 h > (cr 2 uiie^ - ct 2 ) 

^^r«ii(e«L-C)-C«n E ° 2 



3 

1<J<71 

Here, the first inequality comes from (|2.4p and the Schwarz inequality. The process is simi- 
lar to the first and second inequalities in subcase (Bl). The above quantity is nonnegative, 
if Ai is sufficient large. (I2.11I) follows from (I2.12J) . 

With the C 2 interior estimate, one may obtain a global C 2 estimate if the corresponding 
boundary estimate is in hand. This type of C 2 boundary estimates have been proved by 
Bo Guan in [12J under the assumption that Dirichlet problem (|2.ip has a subsolution. 
Namely, there is a function u, satisfying 

/ 214 \ (°2[D 2 u] ^ f(x,u,Du), 

1 u\do, = 4>- 



Theorem 8. Suppose 0, C R n is a bounded domain with smooth boundary. Suppose 
f(p,u,x) S C 2 (R n x R x CI) is a positive function with f u > 0. Suppose there is a 
subsolution u E C s (Cl) satisfying {2.1J$ , then the Dirichlet problem \2. 1\) has a unique 
C 3,a ,V0 < a < 1 solution u. 

To conclude this section, we list one lemma which is well known (e.g., Theorem 5.5 in 
[5] , it was also originally stated in a preliminary version of [7] and was lately removed from 
the published version). 

Lemma 9. Denote Sym(n) the set of all n x n symmetric matrices. Let F be a C 2 
symmetric function defined in some open subset ^f C Sym(n). At any diagonal matrix 
A G $ with distinct eigenvalues, let F(B,B) be the second derivative of C 2 symmetric 
function F in direction B € Sym{n), then 

(2.15) F(B,B) = J2 f k BnB kk + 2^2^-^B 2 k . 

j,k=i j<k 3 k 

3. THE SCALAR CURVATURE EQUATION 

We consider the global curvature estimates for solution to curvature equation (|1.1|) with 
k = 2, i.e. the prescribing scalar curvature equation in R n+1 . In |llj . a global curvature 
estimate was obtained for prescribing scalar curvature equation in Lorentzian manifolds, 
where some special properties of the spacelike hypersurfaces were used. It seems for 
equation (jl.ip in R nl+ , the situation is different. A new feature here is to consider a 
nonlinear test function log ^ e Kl . We explore certain convexity property of this function, 
which will be used in a crucial way in our proof. 

Set u(X) =< X,u(X) >. By the assumption that M is starshaped with a C 1 bound, 
u is bounded from below and above by two positive constants. At every point in the 
hypersurface M, choose a local coordinate frame {d/(dx\), ■ ■ ■ ,d/(dx n+ i)} in R" such 
that the first n vectors are the local coordinates of the hypersurface and the last one is the 
unit outer normal vector. Denote v to be the outer normal vector. We let hij and u be the 
second fundamental form and the support function of the hypersurface M respectively. 
The following geometric formulas are well known (e.g., |14j). 

(3.1) hij = (diX,djv), 

and 

Xij = —hijV (Gauss formula) 

, s (v)i = hijdj (Weigarten equation) 

hijk = hikj (Codazzi formula) 

Rijki = h ik hji - huhjk (Gauss equation), 

where Rijki is the (4, 0)-Riemannian curvature tensor. We also have 

/o q\ <Hjkl — i^ijlk ~r 'Imj-K'imlk ~r nim^jmlk 

— i^klij ~r \iimji^il Mml Hij ) ^mk ~r \IT"mj'T j kl i^ml^kj J^mi- 



We need a more explicit version of Lemma [7J 

Lemma 10. Suppose W = (wij) is a Codazzi tensor which is in T2- For h = 1, • • • ,n, 
there exist sufficient large constants K, a and sufficient small constant 5, such that the 
following inequality holds, 

2 

(3.4) K{a 2 ) 2 h - Y, WpphWrrh - 5w hh a% h ^ + a ^ *4h > 0. 

p^r •*■ i^h 

Proof. Consider function 

_ V2(W) 

w <n(wy 

We have, 

nPP , qq v- ZJ^hEjWjjh n Q-2(Ej w jjh) 2 

0-lQ PP ' qq W pph W qqh = } j WpphWggh h 2 J — . 

p¥=q l 



On the other hand, one may write (e.g. |18| ) 



-Q ppm w pph w qqh 



4 



From the above two identities and the Schwartz inequality, with K, a large enough, 

(3.5) - 22 WpphWrrh 

P+r 

Y.i( w iihOi -wuY^kWkkh) 2 2 to)hT,jVjjh <^(l^jWjjh) 2 



+ 2- 



a 2{Ylj w jjh) 2 TJ ,. ,n (Whhh0-l ~ W hhh W hh - W hh Yjk^h w kkhf 

> H K ( a 2)h + - 



at a{ 

Y,i^h( W Hh a l ~ w H w hhh ~ Wi Yjk^h w kkh) 2 

* 2 

„2 



. 0-2{whhh) 2 „, , 2 , (Whhh0-2 h ) 2 , w hhhT,i^h W ii 

> —? K{a 2 ) h + — 2 + — 2 a^w iih . 

1 L x v£h 



BylQ, 



wl 



Ki ^2)\ ~ ^ W PphWrrh ~ bo\ h W hh ^f- + a ^ wf ih 
pj^r *■ i^h 

^{Whhhf w lhhT,ijih w ii ^2 h WhhW 2 hhh 

^ „1 n~2 „2 

<j l Zaf erf 



Since, 



\ £ 



WhhO-2 H = 0- 2 - ~ 



a^b;a,b^h 



if S is sufficient small, we obtain (|3,4p . □ 

Theorem U] is a consequence of the following theorem. 

Theorem 11. Suppose k = 2 and suppose M C M n+1 is a starshaped 2-convex hyper- 
surface satisfying curvature equation ( fi.ij) /or some positive function f(X,v) 6 C 2 (T), 
where T is an open neighborhood of unit normal bundle of M in IR n+1 x 8 n , t/ien there is 
a constant C depending only on n,k, ||M|| c i, inf / and \\f\\c 2 ; such that 

(3.6) max kAX)<C{1 + max kAX)). 

XeM,i=l,-,n XedM,i=l,- ,n 

Set 

(3.7) P = J> K S ^ = loglogP-(l + e)logu + ^|X| 2 , 

i 

where e and a are constants which will be determined later. We may assume that the 
maximum of (j) is achieved at some point Xq € M. After rotating the coordinates, we 
may assume the matrix (hij) is diagonal at the point, and we can further assume that 
hn ^ h 2 2 ■ ■ ■ ^ h nn . Denote k; = ha. 
Differentiate the function twice at Xq, 

(3.8) <P i = j^ L T -(l + e)^^ + a(d l ,X)=0, 

F log F u 

and by (l2~T5l) . 

(3.9) fa 

Pa P? P? l + £^, , n ,« (l + e)hii 



PlogP P 2 logP (PlogP) 2 u Z^'""^ 1 '"' 


li 


+(l + e)/ 1 2 i + (l + e) /lii(X ;^ ) +a aEtt« 

u 




PlogP E^ + £^ + £ Kq _ K/3 ^ 


f X + * )P 2 


(i + e )E,Mft,J0 (1 + e) ^ + (i + e) / l 2 + (i + 


shUXAY 

E) r, 



+a — aC//ii 



pl p E e "' ^*." + E e "' (^ ~ h ii h ll) h H + E e ^ 0"^ - ^)fcl 









2/Y- Q\2 



+ (l + e )4 + (l + e). 



u u u 2 



+a — allhi 



10 



Contract with a^, 

(3.10) agfai 

= PioTpE eKl ^hii,u + 2/ E e K 'hu ~ 4' hi E e*foi + E ff a ^^i 

8 2 / ii 

+ £ •?^5^»S*. - <? + pi^>« 2 ] + <» - ^ - w-tf 
-MilMW _ (1+fg/ + (1 + e)4 hi + (1 + E) ^M« 

At xo, differentiate equation (jl.ip twice, 

(3.11) (Tzhuk = d x f(d k ) + h kk d u f(d k ), 
and 

(3.12) ^hukk + a^'^hpqkhrsk ^ —C - Ch u + 2 ] hikkd u f{di), 

i 

where C is a constant under control. 
Insert (13TT2J) into (pTTO]) . 



2 



(3.13) al 



'a 



> 



pr-pE eKl (~ c - Ch2 ^ - °T Sh p<n h rsi) + E eKih ikkdvfm + 2/ e ^ 
og i i i 

_(j±f)E^M^) + (1 + E)a « A? + (1 + cf M&^. 









u 




+OK1 


-Ca 




By (J3D 


and 


(|3.11|h 




(3.14) 









E^/(^)%f% - — X>3ta*fo,*> 

^^ jP log P u ^-^ 

k k 

-aVi/(4)(I,4) - —J^dxfid^iX^k 
k k 



Denote 



p¥=q 1& i 

A = 2 E 4'^f*L ^ = ( f + p4pWA 2 . 



11 



2 . 
Hi' 



Note that log P ^ «i , 
(3.15) of<fe 

> - Ca + (a- C)h n + j^-p E ^ ( K ^ ~ E W + E >&») 

i p^q p^q 

+Eff « 4 + (1 + E) #i<W 

_Ca + (a - C)/i n + — 1— V(^ + B< + Ci + A - #i) 
F log P z — ' 

+e ^l +(1+£) «i«!. 

Choose k = 2,1 = 1 and /i = i in Lemma [71 

t-? o a 2 v\ 

pj±r 

Hence, Ai ^ if K is sufficiently large. 
Lemma 12. If 

/or any fixed i ^ 1 and taking K\ sufficient large, we have, 

B t + Ci + A - #i > 0. 

Proof. We have, 

if = (e^hm +J2e Kl h lH ) 2 = e^hli + 2^e^ +,t '/ ! , fi l !fi + (E^^) 2 - 



By the Schwartz inequality, 



(E^W^E^E^ 



Hence, 



if < e 2 "*/4 + 2 E e^huhiu + (P - e ^) E ^L 
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S ' e \ , o a «•..<> U2k,i2 



In turn, 

(3.16) Bi + d + Di- Ei 

"(p + 7^)( P " *"*)«* E ^ - 2(p + pj^pJcr? E ^ + ^%i 

+ [1 - (- + )e Ki ]cr^e Ki hl i - 2(- + )o# Ve^+^/i^/i^- 

P PlogP P PlogP ^ 

As 



( 3 - 17 ) E (p + pi^p)^^"^^ + E (p- + Pi^p)^^ +Ki 4, 

Combine lETIS]) and lETTTjI . 

(3.18) Bi + d + Di-Ei 

> EK2 - ^ + 2^^f]^ + (i + ^K^L 

+[(4 + TJT 1 ^ 1 " f^]^^^ - 2(4 + ^-^)4 i e Ki+K1 ^^ili- 
P P log P log P F F log P 

(2 - !oip )e **" + 2CT2 "^T^* 1 " + p a2 e ^ 



l p j ogpJ z m p 

By the assumptions in the lemma, we have, for i ^ 2, 

21ogP^2Ki ^af. 

Taking ki sufficient large, we have, 

e Kl 1 1 



2P 2?i logP 



j:; 



Expanding e x and as riKi ^ m, 



r ii e Kl ~ e K ' ,ii„ Wi e K1 ** - 1 u ^ (ki - asQ'- 1 
r 2 = a 2 e = a 2 e / n 

K\ — Ki Hi — Ki *-^ /! 



^ a ll e ^ ( K l «i) 3 ^ CoK 3 a ll e K^ 



for some positive constant cq. Here, we have used the fact K\a^ ^ 2<j2/n. The lemma 
follows from fj3. 18H . previous three inequalities, provided k\ is sufficiently large. □ 

Lemma 13. For any index i, if 

llKi ^ «i, 
for any fixed j ^ i and taking K\ sufficient large, we have, 

Bj + Cj + Dj - (^ + 2 1 * j 4 J Pi > 0. 
J J J P n-1 PIorP l 3 



1 2 1 

Proof. Replace the term by in the proof of previous lemma, note 

P log P n — 1 P log P 

that 

> — (2ki - 7 of ) ^ 0. 



ri—1 log P K\ n — 1 

Hence, the arguments in the previous proof can be carried out without further changes. □ 

Lemma 14. For any fixed index j, if 

riKj > K\, 

we have, for sufficient large k±, K and sufficient small e, 



i ,,.„.„.„ ^ , „ A'kUxA 



2 



(A; + ^ + C, + £>.,• - %) + (1 + g) z -ii 2 ' J ^ 0. 



PlogP' J J J J u 2 

Proof. By the Schwarz inequality, 



4*p? = ^(E e ^) 2 *s ^'E^E^- 



Hence, 



(3.19) Cj - -^- > 0. 

By Lemma llOt for some sufficient large constant C, 



jfJ^L ^ C [K(a 2 )] - J2 h PPJ h qqj + E h%\. 
1 p¥=q tyi 



ii 



Thus, 

a jj P 2 rr jj 

(3-20) 2 J „ = ni 2 „ (e Wj ^ ? - 7 - 7 - + Ve ,t '%) 2 

v ; PlogP PlogP v JJJ ^ UJJ 



1 #j 

We claim that 

To prove the claim, we divide it two cases. 
Case (A): K[ > Kj, obviously, 

e hllj + °2 — — h iij > e 3h iij- 



Case (B): m < Kj, we have 



°2 = K i ~ K i + a " > 1 



Kj K\ Kj K[ 

Therefore, 



e^h% + af-^—^rtj > e^h% + (e* - e«>)h% = e^h%. 



? K l h 2 . . _l „ll t _J,2 ^ c ki h 2 : _l ^ Kj _ C K; U 2 _ oKj ^2 

The claim is verified. Hence, by (|3.20p and the claim 



cfP? 

^CjiAj + Bj+Dj) 



PlogP 
Denote Sj = 1/cj. It follows from lETTS]) and ([33]) that, 

1 oi'hUX^dj) 2 

. (A, + Bj + Cj + Dj -Ej) + {l + e) ■ 



PlogP' J • 3 ' 3 ' 3 3) \ J u 2 

* l ' u 2 (PlogP) 2 2 J 



\2 



-(l-d^ofpr,^) 5 

The above is nonnegative, if k\ sufficiently large, and e is small enough. □ 
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We are in the position to give C 2 estimate. We use a similar argument in the previous 
section. We need to deal with every index in (|3.15p . First, we note that nn\ > K\. By 
Lemma 1141 

(3.21) ^~^(A 1 +B 1 + C l + D l - Eh) + (1 + £ f2 l h 2 11 (X,d 1 ) 2 > Q _ 
P log P u z 

We divide into two different cases. 

Case (A): Suppose nK2 ^ K±. In this case, we use Lemma [T2"l For i ^ 2, note that Aj ^ 0, 

(3.22) -—L-^lAi + Bi + G + Di-Ej^O. 

P logP 

Combine (EOI1) . (13321) and (13T5J) . 

4Vn > -C + {a-C)m. 

We obtain C 2 estimate if a is sufficiently large. 

Case (B): Suppose riK2 > K±. We assume that index i$ satisfies nni > k\ and nKi 0+ \ ^ k\. 

Hence, for index j ^ z'q, ukj > k±. Lemma [T4l implies. 

i oi'hUXtd*) 2 

(3 ' 23) Pbg~P ( ^' + Bj + Cj + Dj " ^ + (1 + £) u 2 * °- 

For index j ^ z'q + 1, by Lemma [15] 



^^(A, + Bj + Ci + D, - 23,) + (1 + e) "\, 



( 3 - 24 ) ^7p(^i + ^ + C i + D i ~ E j) + C 1 

2 ogg 
n-r (PlogP) 



. _ (1 _^ T)7 j^l ?+(1+e) ^<pj 



"-3 (1 + ^4(x,a,-> 2 + ^^yyf. 

ri—1 ii 2 n — 1 u 



-^a 2 4 J (XA) 2 - 
^ — Ca «i. 

The last inequality holds, provided e is sufficiently small. Combining (|3.23p . (|3.24p and 
(|3.15p . we obtain, 

of <fe > ~C + (a- C)m + ea^K 2 - Ca 2 ^. 

We further divide the case into two subcases to deal with the above inequality. 
Case (Bl): Suppose a 22 ^ 1. As uki > «i, 

0""</>u > -C + (a- C)k\ +£cf 22 k 2 2 -Ca 2 Ki 

^ -C + (a- C)k\ + -^k 2 - Ca 2 K X . 

n z 

The above is nonnegative if K\ and a are sufficiently large. 
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Case (B2): Suppose a 2 ? < 1. In this subcase, we may assume that k\ is sufficiently large, 
then K n < 0. By the assumption, 1 ^ k\ + (n — 2)n n . This implies, 

K\ — 1 



n — 2 



Since o"2 n + K n = K i + c^ 1 , we h &ve ,7 2 n ^ K i- Hence, 

o-gfci ^ -C+{a-C)n 1 +£a^ n nl-Ca 2 K 1 

^ -C + (a — C)ki + -. — tjkUki - l) 2 - Ca 2 Ki. 

(n — iy 

The above is nonnegative, if a and ki are sufficiently large. The proof of Theorem [IT] is 
complete. 

We remark that the similar curvature estimate can be established for Dirichlet boundary 
problem of equation 

( 325 x (a 2 [K(x,u(x))} = f(x,u,Du), 

where O C M n is a bounded domain. Though such graph over Q may not be starshaped. 
With the assumption of C 1 boundedness, one may shift the origin in M n+1 in the direction 
of E n+ \ = (0, • • • ,0,1) in appropriate way so that the surface is starshaped with respect 
to the new origin. Then the proof in this section yields the following theorem, which 
completely settled the regularity problem considered in Ivochkina |20(. [19] when k = 2. 

Theorem 15. Suppose u is a solution of equation $3.25\) . then there is a constant C 
depending only on n,k, £1, ||u||c<i ; inf/ and \\f\\c 2 > such that 

(3.26) max|V 2 u(j;)| < C(l + max |V 2 u(x)|), Vi = l,---,n. 

4. A GLOBAL C 2 ESTIMATE FOR CONVEX HYPERSURFACES 

In this section, we consider the global C 2 estimates for convex solutions to curvature 
equation (jl.lj) in M n+1 . We need further modify the test function constructed in the 
previous section. 

Theorem 16. Suppose M C M n+1 is a convex hypersurface satisfying curvature equation 
\1-1\) for some positive function f(X, v) G C 2 (T), where T is an open neighborhood of unit 
normal bundle of M in W n+1 x S n , then there is a constant C depending only on n, k, 
||M||(7i, inf/ and ||/||<72, such that 

(4.1) max Ki(X)<C(l+ max Ki (X)). 

XeM,t=l,--- ,n X£dM,t=l,--- ,n 



To precede, consider the following test function, 
(4.2) P(k(X)) = k\ + • • • + K 2 n , = logP(K(X))-2Nlogu, 

where N is a constant to be determined later. Note that, 

K 2 + --- + K 2 n = a^KiX)) 2 - 2o 2 {k(X)). 
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We assume that <j> achieves its maximum value at xq £ M. By a proper rotation, we may 
assume that (hij) is a diagonal matrix at the point, and h\\ ^ /122 ■ ■ ■ ^ h nn . 
At xo, differentiate eft twice, 

(4.3) & = £fc K * h ™ _ N ]H 

P u 

J2k K khkki _ hji(di,X) 
P u 

and, 

j 2 

( 4 - 4 ) > pE Kkh k k,ii + J] h kki + X/ ^ ~ p2 E K k h kki f 

k k pj^q k 

u vr 

= p[/ J Kk{ha^kk + (h ik — hahkkjhu + {hah kk — h ik )h kk ) 
k 

v^ , 2 , v^ r2 1 2 y^ . 12 AT J2ihu,i(X,di) 
+ Z^ h kki + Z^ h pg^-p2^ Kkhkki i ~ N 

k P^l k 

u u 2 

Now differentiate equation (jl.ip twice, 

(4.5) ojjhuj = dxfiX^ + dufiuj) = dxfidrf + hjjdvfidj), 

(4.6) <J k hnjj + <J k ' hpqjh rs j 

= dxftXjj) + # x f{Xj,Xj) + 2d x d„f(X j ,u j ) + dlf{v h Uj) + d v j{v 3j ). 
= - h jj d xf(v) + d 2 x f{d j ,d j ) + 2hjjd x d u f{dj, dj) + h 2 j dlf(d j ,d j ) 
+ X h kjjd u f{d k ) - h*jdvf(v) 

k 

^ -C - C«j - Ck 2 + X h kjjdvf(d k ) 

k 

> -C-CK 2 + Y,h kjj d y f(d k ). 
k 

The Schwarz inequality is used in the last inequality. 
Since 

pq,rs, 1 PP,QQt. z, _i_ PP,QQu2 

~ <J k n pql n rsl — ~ a k n ppl n qql ~T & k ^pqh 

it follows from KB and (14"3|) . 



(4.7) ^^ h ^f^)- Na " Es ^ s{ds,X) = -££<**/&)<&,*}. 

1,3 s 



IS 



Denote 

A = ^{K{a k )1 - J2 of^h ppi h qqi ), B i = 2j2 ^"hfa 

p,q j 

(jii y 2er" 

^ = 2 E "ptfi" Di = pYl a k h2 jji> E i = "psKE K J h ni) 2 - 

Contract with a k l in both side of inequality (|4.4p , by (I4.5P and (|4.6p , 
(4(E) > -[£ Ki(-C - Ck\ + ]T h sll d v f(d s ) - K(a k )f + K(a k )J - a p k q ' rs h pql h rsl ) 

l s 

2o~™ 

+a i k % i J2 k 1- °l h l E k2 + E a * h li + a k E ^ - -pf-E K ;^) 2 

£ 11 p,q j 

u u u z 

> pE «<(- C - ^ - *(<*)? + K fa)l - <' qq h P plh q ,l + °f m h 2 pq l) 
l 

2a il 

+kf E K f - a k h l E ^ 2 + E ** *& + °* E ^ - pl-E K 3 h 33i? 

I 11 p,q j 

-N k ^ + Nalhl + N a M^l_^Y,dxf{d s ){d s ^X) 
u u z u *—' 

s 

> pC K '(- c - Ck < + E ^«^/( 5 -) - K ^?i) + 4hi j>? - 4^1 E ^ 

is 11 

- N K + N4K + N °tK<A, x? _ N E 

s 

+ J2( A i + B i + C i + D i -E i ). 



The main part of the proof is to deal with the third order derivatives. We divide it to 
two cases: 

(i) Ml; 

(2) i = 1. 
Lemma 17. For i 7^ 1, ?/ 

Ai + Bi + Ct + Di-Ei ^ 0. 

Proof. By (|2.3j) in Lemma [7] and note that o~ ppm = 0, when K is sufficiently large, 

(4.9) K^t - a^ m h vvl h qqi > o k (l + ^)[^) 2 > 0. 

z 0"l 
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(4.10) P 2 (B l + C l + D l -E l ) 

= Y, P(2K j al J ' ii + 2al j + <#)/£., + Pafhli ~ 2^(E K i^ + ^ h h 

+ E KkKihkkihm) 

k^l 

= J2i P ( 3a k + H j - 2ff fc -i(/c|<i)) - 2^]/^ + (P - 2«?)a£/& 

_2cr fc E K kKlh kk ihlU 

= £(P + 2(P - 4))4'% + (^ - 2/e?)<7?/& " lot J2 KkKihkkihm 



+2P J2 KiCjU^h) 



i 2 - 



2 

kki 



Note that, 

(4.1D 2£5>^ = EE«+EE4: 

j'^j ky^i,j Ij^i ky^i,l kj^i l^i,k 

^ 2 2^ K k K[h kki hui. 

By \/3k;j ^ ki or k\ ^ 3«f , 

(4.12) Y. ("g- + 2 ^)^ + E ^ > 2^^^^/t^. 
jV*,i j¥*,i jf^i,l 

Then (|4.1U|) becomes, 

(4.13) P 2 {B l + C l + D l -E i ) 

^ (P + 2K 2 )o k h\ u + («! - K 2 )a k h Ui - Aa k KihmKihiii 

+f E ^^+2PE«i^''"^, 

> 4*[(k? + 3k?)/i? u + (k? - «?)/& - iKiKihiuhm] + 2P^ ^a^h 2 ^. 
The above is nonnegative, provided the following inequality holds, 



(4.14) ^K? + 3K?y/«?-K? ^ 2«i«i. 

Set x = Ki/K\. Inequality (|4.14|) is equivalent to the following inequality, 

3x 4 + 2x 2 - 1 < 0. 
This follows from the condition K\ ^ v3kj- The proof is complete. □ 
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We need another Lemma. 

Lemma 18. For A = 1, • • • , k — 1, if there exists some positive constant 5^1, such that 
K \/ K i ^ S. Then there exits a sufficient small positive constant 5' depending on 5, such 
that, if k\ + \/ki ^ 5' , we have 

Ai + Bi + d + Di-Ei^ 0, 

fori = !,-■■ ,A. 

Proof. By KTUh and (lOTl) . 

(4.15) P 2 (B t + C l + D t -E i ) 

= J>(3<r£ + 2of - 2a k - 1 (K\ij)) - 2a k i K 2 ]h 2 ji + (P - 2n 2 )athj ti 

-2gfc y^ KkKihkkihu 

> Z^( P + 2K ^ a k h2 jji + ( P - 2 ^)4hli ~ ^Kihm J2 Kjh 3jl 



+P^2(cTfc_i(K|i) - <T k - X (K\%j))h) 






For i = 1, the above inequality becomes, 
(4.16) P 2 (B i + C i + D i -E i ) 

m m m 

+PY J (°k~Mj) - 2<7 fc _i( K |lj))/i J 2 jl - K\al x h 2 ni 

> Pj2(°k-l(K\j) - 2a k - 1 (K\lj))h 2 jjl - Kla^h 2 ^. 

For i ^ 1, we replace the index j ^ i, 1 with j ^ i in (|4,12p . then 

(4.17)P 2 (A + C, + A - A) > ^E 2 K-i(«li) - fffc-xWij))^ - «?<#>&• 

By d23|) in Lemma El 



«ir n , « n (^a) 2 tJfc 



(4.18) A, ^ T> fc (l+ o)^ 1 -— <'" V^ 






+ 2^(0"A acr A ~ °"A<7A a ' )haaihbbi\- 
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For A = 1, note that <rf a = 1 and <r" a ' = 0. Hence, 

(4.19) (l + ^)J2 h ^ihbi > 2(l + ^)^2h aai h lu + (l + ^)h 2 ni 



2' 



> (1 + j)&?u - C a J> 



2 

aai 



In turn, 



(4-20) P-A % > ^(1 + >L-^E^ 



0\ 4 G x 



a+\ 



KJ<Ju , 2 



^ K i a k "lli ~ ^a K » 2^ 



i 2 . 

L aai' 



The last inequality comes from the fact 

(4.21) 1 + | > (l + (n-l)5') 2 . 
For A ^ 2, obviously, for a ^ b, 

(A Q1\ ~o.a„bb _ aa,bb 

(4.22) <r A cr A - cr A a A 

= (KbCr A _ 2 (K|afe) + (j A _ 1 (re|a&))(« a <7A-2(«|a&) + cr A _i(K|a&)) 

-(K a Kfe<TA_2(K|a6) + k cta-i(k|o6) + Kb^A-i («|a&) + a\(K\ab))a\-2(K\ab) 
= ax^i{K\ab) — a\(K\ab)a\-2(K\ab) 
> 0, 

by the Newton inequality. It follows from (|4.22p . 

(4.23) Y, (°t° b x-wT bb )haaihbu 

aj^b;a,b^X 

> ~ E ( a l-i( K \ ab ) - o\{K\ab)a\-2{K\ab))hl ai 

aj^b;a,b^X 

K A+lx2, 



> E d(^) 2 «^) 

f — ' Kb 

aj±b,a,b-^\ 



K\ 

Here, we choose a sufficient small 5' , such that 



(4.24) 5' < 5yj7/C 2 . 
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By (H22D, 



(4.25) 2 E {crfaf - a x a a ^ bb )h aaj Ji m 

a^X;b>X 

^ -2 2J a T a \ \haaihbbi\ 
a^A;b>A 

a^A;6>A asgA;6>A 

Again by (102]) . 

(4.26) 2 (^r^-^^r 66 )^^ > E ^aI^M 

a^b;a,b>X aj^b;a,b>X 

> - E K a/l -) 2 - 

a^6;a,b>A 

Combining (jHHJ), ([433]) . p~25j) and (I43H1) . taking a = in (ETTKL we get, 

(4.27) ^ > ^[(i-S^EK^aaO'-CE^r^) 2 ]- 

^ a^A a>A 

Therefore, 

(4.28) P 2 A % 



> 2 (1 - 2e )2^( Cr A «amj j Z^^X h ' 

X a^X X a> \ 



CA <7f 

a^A A A a>A 



,2 

aui I 



* ^(i - &)(i + j 2 ) Ea - ^r^^L - ^# XK*. 

a=£A Ka ° ^ a>A 

> ^(i - &)(i + j 2 )(i - ^±i) 2 e *L - # E * 2 



a^X a>X 

■> k - 2 ^r" V /i 2 - K ^ e V /l 2 

#* "'i CT fc / j n aai rt / ., a aai ) 

a^A a>A 

in the above, we have used the fact that we may choose 5' and e satisfying 

(4.29) 6'C 3 ^2ed, (1 - 2e) 2 (l + 5 2 ) > 1. 
By flUIgD , dSZD , (g^OD and ipg| . for each t, we have, 

(4.30) P 2 (A i + J B l + C l + A-^i) 

> E^ 0- *- 1 ^!- 7 ') ~ 2Pa k-l(K\ij))h 2 jji - C ai 5Ki E ^jji- 
j¥"i j>x 



2?> 



Now, for j ^ A, 

(4.31) a k -i(K\j) - 2a- k -i(K\ij) = «iO-fc_ 2 («|ij) -<7fc_i(K|ij) 

Kj • • • Kfc _ Kj • • -Kfc+1 



5«i 



> — (1-C 4 <J7«5). 



/v j 



For A < j ^ k, in a similar way, we have, 

(4.32) a k - 1 (K\j)-2a k - 1 (K\ij)-C e , a ^ > ^l-C^/S) 



CO 



For j > fc, 

(4.33) <Tfc-i(«|j) - 2cr fc _ 1 («|zj) 



y e,a rl 'i 



'1 



/ l • -\ / i ■ -\ ^e,a K i ^ tl ■ ■ ■ Kjfc „ ftl ■ " " Kfc C e Q 

= «i0-fc-2(«|»j) -0-fe-l(«|*jJ a - > C 

K-^ K k Ki K\ 

> «l-"«fc (1 _ c ,« L) _Ce ! « ^ £^ (1 _c^m ^. 

Kfe OKI K l K fc K l 

We may choose 

<5' < <5/(2C 4 ), 
so that (I4.3ip is nonnegative. We further impose that 

5' < ea k /(2C e>a ). 

Thus, both (|4.32p and (|4.33|) are non-negative. The proof is complete. D 

A directly corollary of Lemma [T71 and Lemma [THl is the following. 

Corollary 19. There exists a finite sequence of positive numbers {Si}^ =v such that, if the 
following inequality holds for some 1 ^ i ^ k, 

Ki >> x 
— > Ou 

then, 

(4.34) o < ^E«K^K)?-^r 99 v^+^r 99 ^)+E^^ 

l p,q 

2o~™ 
~ ~p2~ W j K i H 1 > ' 

3 

Proof. We use induction to find sequence {<5j}*L 1 . Let S± = l/y/3. Then K\JK\ = 1 > 6\. 
The claim holds for i = 1 follows from the proof in the previous lemma. Assume that we 
have determined o~j for 1 ^ i ^ k — 1. We want to search for o~j_i-i- In Lemma fl8l we may 
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choose X = i and 6 = <$$. Then there is some S' i+l such that, if K i+1 ^ ^ +1 k 1; we have 
A,- + Bj + Cj + Dj - Ej ^ for 1 ^ j ^ i. Pick 

<5i+i = min{5i,5,- +1 }. 

If K i+1 ^ 5j + iKi, by Lemma [T71 A,- + -Bj + Cj + Dj — Ej ^ for j ^ i + 1. We obtain 
(Oljl for i + 1 case. □ 

Proof of Theorem 1161 Again, the proof will be divided into two cases. 

Case (A): There exists some 2 ^ i ^ k, such that Ki ^ 5iK\. By Corollary [T9l (|4.8p . (|4.5p 

and the Schwarz inequality, 

i i i 

+ Nami + N a ^ i{d ^ X)2 -^d x f(d a )(d.,X). 

u z u * — ' 

s 

> j[-C{K)- C{K) J2 «?] - *£hl + Naf hi ~ C(N) 

i 

C(K)k\ + C{K) , at ,, ^, Art 

^ L ^ J p ^-^ + (J\r-l)eo- fc Ki-C(JV), 

in the last inequality, we have used 

11 

n 
If we choose 

ea k (N-l)^C(K) + l, 

an upper bound of K\ follows. 

Case(B): If the Case(A) does not hold. That means Kj. ^ $k K i- Since k\ ^ 0, we have, 

\ ^ ck k 

O'k ;£ K1K2 ■ ■ ■ Kk j£ Ofe«l- 

This implies the bound of «i. D 

We have three remarks about the above C 2 estimate. 

Remark 20. Following the same arguments, we can establish similar C 2 estimates for 
convex solutions of ak-Hessian equation 

(4.35) a k (V 2 u) = f(x,u,Vu). 

Remark 21. The function P chosen here is the order 2 Newton polynomial. In fact, our 
arguments can be adopted for Newton polynomials of order m ^ 2 to obtain the global C 2 
estimate. 

Remark 22. The assumption of convexity of solution can be weakened. Our proof works 
if the principal curvatures are bounded from below by some constant, with test function 
modified as \ogP + g(u) + a|A| 2 . The convexity assumption can also be weakened to k+ 1 
convex. 
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5. The prescribed curvature equations 

The a priori estimates we establish in the previous sections may yield existence of 
solutions to the prescribing equation (|l.ip . By Theorem [I] and Theorem 2J we need 
to obtain C 1 bounds for solutions. The treatment of this section follows largely from 
Caffarelli-Nirenberg-Spruck jHj. We are looking for starshaped hypersurface M. 

For x £ § n , let 

X(x) = p(x)x, 
be the position vector of the hypersurface M. 

First is the gradient bound. 

Lemma 23. // the hypersurface X satisfies condition ( |J.7| ) and p has positive upper and 
lower bound, then there is a constant C depending on the minimum and maximum values 
of p, such that, 

|Vp| < C. 

Proof. We only need to obtain a positive lower bound of u. Following p~5], we consider 

^> = -logu + 7 (|X| 2 ). 

Assume Xq is the maximum value point of 4>. If X is not parallel to the normal direction 
of X at Xq , we may choose the local orthonormal frame {e±, • • • , e n } on M satisfying 

(X,ei)/0, and (X,ei} = 0, i ^ 2. 

Then, at Xq, 

(5.1) Ui = 2u 7 '(X,ei), 



Thus, 



<fe = --[h iil (X,e 1 ) + h ii -hj i u] + [^) 2 + l''](\^f + j'\X\l 
u 

(5.2) > 4V JJ = -^^^/ lj4l -^!i + ^4 + 4[( 7 ') 2 +7 ,/ ](^e 1 ) 2 ^ 1 

u u 

+ 1 'a t k t [2-2uh ii }. 

By g3}, 

o- l khin = dxf(ei) + hud u f(ei). 
Using (15.1J) and (X, e\) / 0, we have 

/in = 2^'u. 
Hence, (15. 2p becomes, 

(5.3) > -.\[l x X,e l )d x f{e l ) + kf]+athl + 4:[{ 1 ') 2 + 1 "]{X,e 1 )^]} 

u 

+ 7 Vf[2 - 2uha\ - 2 1 '{X,e 1 )d u f(e 1 ). 
Condition (|1.7p yields, 

> /"W + p 3f{ Qp V) ] = P k ^[kf + pdx/(^)] = P k ~ l \kf + d x f(X)). 
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Since in the local frame, (X, e$) = 0, for i ^ 2, so X = (X,ei)ei. (|5.3p becomes, 

(5.4) ^ ^4 + 4 [ ( y ) 2 + y/ ](X)ei) 2 CJ ii +7 / CJ u [2 _ 2n ^ ] _ 27 / 4/(x) . 

Choose 

7W = 7 , 
for sufficient large a. Therefore, 

4[(V) 2 +7"]\X\ 2 4 1 + VE<^ + ^ ^ CoVJ 1 , 



and 



(|5.4j) is simplified to 



11 ^^ fc-i 



. fe-i la 



(5.5) ^ Q)« 2 /^ + 7^4^/W- 

By the assumption on C° bound, we have \d u f(X)\ ^ C. Rewrite ()5.5|) . 

^ f^ra(C a + —^dvf*) > 0, 

for sufficient large a, contradiction. That is, at Xq, X is parallel to the normal direction. 
Since u is the support function, u = (X, v) = \X\. D 



Theorem 24. Suppose k = 2, and f satisfies condition l\1.6\) and [1.1), equation (|l.ip 
has only one admissible solution in {r\ < \X\ < r2J. 

Proof. We use continuity method to solve the existence result. For ^ t ^ 1, according 
to [8], we consider the family of functions, 

f(X, v) = tf(X, u) + (1 - t)^[-L + £ (-L - 1)], 

|A| K 1^1 

where e is sufficient small constant satisfying 

0</ ^ mm (l +e (l-l)), 

r-i^p^r-2 p* p' 1 

and /o is some positive constant. 

At t = 0, we let -Xo(x) = x. It satisfies <72(«(Xo)) = Cn- ^ is obvious that f f (X,v) 
satisfies the barrier condition in the Introduction (1) and (2) with strict inequality for 
^ t < 1. Suppose that Xt is the solution of /*. Then, at the maximum point of 
pt = \Xt\, the outer normal direction vt is parallel to the position vector Xt. If that point 
touches the sphere \X\ = T2, then , at that point, 

^^a 2 (K(X t )) = f(X t ,^±)<^. 
rf \X t \ r£ 

It is a contradiction. That is pt ^ r 2 . Similar argument yields that pt ^ r\. C° estimate 
follows. 
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Since the outer normal direction 

px — Vp 



replace p by tp, v does not change. The same argument in [8] gives the openness for 
0<t< 1. 

In view of Evans-Krylov theory, we only need gradient and C 2 estimate to complete 
the closedness part. With the positive upper and lower bound for p, Lemma 1251 gives the 
gradient estimate. The C 2 estimate follows from Theorem 01 

The proof of the uniqueness is same as in [5] . □ 

Now we consider the existence of convex solutions of equation (|1.1|) for the general k. 

Lemma 25. For any strictly convex solution of equation (jl.ip and f € C 2 (T x S n ), if p 
have a upper bound, then the global C 2 estimate lll.2\) holds. 

Proof. First, we will prove that each convex hypersurface satisfying equation (|1.1|) contains 
some small ball whose radius has a uniform positive lower bound. Since our hypersurface 
is convex with an upper bound, we only need to prove that the volume of the domain 
enclosed by M has a uniform lower positive bound. Let u be the support function of 
the hypersurface M. Since M is strictly convex, the support function u can be viewed a 
function on the unit sphere. Let, 



V k (M) = / a k (W u ). 

Here we denote (W u )ij = uij + uSij. We can rewrite equation (jl.ip . 

a n . k (W u ) = fa n (W u ) < Ca n (W u ). 
Hence, 

/ ua n _ k (W u ) < C J ua n (W u ). 

Therefore, 

K-fc+i(M) < CV n+1 {M). 

Here V^+i is the volume of the domain enclosed by the hypersurface M. By the isoperi- 
metric type inequality of Alexsandrov-Frenchel, 

n-fc + l 

V^t 1 (M) ^ CV n - k+1 (M) < CV n+1 (M). 

That is, the volume is bounded from below. 

For any hypersurface M satisfying (jl.ip . we may assume that the center of the above 
unit ball is Xm- Let X — Xm = p'y, where y is another position vector of unit sphere. 
Obviously, p' has positive upper and lower bound. We can view M as a radial graph 
over the unit sphere centered at Xm- By the convexity assumption, Vp' is bounded by 
maxgn //. This gives the C 1 bound for M. Theorem [1] yields global C 2 estimate of p'. 
Thus, C 2 estimate of p follows. □ 
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Proof of Theorem [5] The existence can be deduced by the degree theory as in [13]. 
Since the main arguments are the same, we only give an outline. Consider an auxiliary 
equation, 

(5.6) a k (K(X)) = f\X,u), 

where 

f = (tfi(X, u) + (l- t){C k n [-^ + e ( * - l)])i) fc . 



By the assumptions in Theorem /* satisfies the structural condition in the Constant 
Rank Theorem (Theorem 1.2 in [16]). This implies the convexity of solutions to equation 
(|5.6|) . Lemma [231 gives C 2 estimates. The Evans-Krylov Theorem yields a priori C s,a 
estimates. To establish the existence, we only need to compute the degree at t = 0. It is 
obvious that, in this case, p = 1 is the solution. Then the same computation in [T3] yields 
the degree in non-zero. Hence, we have the existence part of the theorem. The strictly 
convex follows from constant rank theorem in [16]. □ 



6. Some examples 

Curvature estimate f)1.2j) is special for equation (jl.ip . It fails for convex hypersurfaces 
in M n+1 for another type of fully nonlinear elliptic curvature equations. We construct such 
examples for hypersurfaces satisfying the quotient of curvature equation, 

(6.1) ^T = /(X,,). 

Choose a smooth function u defined on sphere such that the spherical Hessian 

W u = (uij + uSij) G T n _! 

but cr n (W u (yo)) < at some point yo £ § n - The existence of such functions are well known 
(e.g., [1]). Set / = cr n _i(Wu), so / is a positive and smooth function. Set 

Ut = (1 — t) + tu. 

We have W Ut G T n _i and 

(6.2) ft = <Tn-l(W Ut ), 

is smooth and positive. Obviously, when t is close to 0, W Ut is positive definite. There is 
some 1 > to > 0, such that W Ut > for t < to, and 

det(W Uto (x )) = 0, 

for some xo G S n . Denote £l u to the convex body determined by its support function Ut, 

0<t<t . 

Claim: for each < t < to after a proper translation of the origin, we have some positive 

constant cq independent of t < to such that, 

(6.3) u t {x) ^ c > for Vx G S n and t < t . 
That is each Q Ut contains a ball of fixed radius, t < to- 



2<) 



Let's first consider k = n, I = 1 in equation f)6.1|) . For < t < to, denote 

(6.4) M t = dn ut . 

For each < t < to, Mt is strictly convex. By (I6.3p . we have uniform C 1 estimate for the 
radial function pt, where Mt = {pt{z)z\z £ §""}. We can rewrite the equation (16. 2D . 

(6.5) —(«i,-" , K n) 



Since cr n (W Ut (xo)) = 0, the principal curvature of Mt will blow up at some points as 
t — > to- The uniform curvature estimate (jl.2p for equation ()6.5[) can not hold. 

We prove claim. Fix < t < to, after a proper translation, we may assume the origin 
is inside the convex body Q Ut . It follows from the construction, 

ft>c>0, 

for some constant c > and for any t < to, x S S n , and 

(6.6) IMIc*3(s«) < C, 

where constant C is independent of t. At the maximum value points x Q of functions ut, 
we have, 

w^xD^utixDi. 

Hence, 

Estimate (|6.6|) implies that there is some uniform radius R such that on the disc Br(x ) 

with center at x , 

C 
Mx) > -g- >0,VxG J B if (4). 

By the Minkowski identity, 

/ cr n {W Ut ) =c n u t (Tn-i(W Ut ) =c n u t ft > c n u t ft > c > 0. 

Hence, there exists yg € § n satisfying 



^(W ut (y*)) > 



w. 



By (|6.6p . there are some uniform radius i? > 0, such that for y G S n n B^(i/q), we have, 

Hence, near the points ^ -1 (yQ), the hypersuface M 4 is pinched by two fixed paraboloids 
locally and uniformly. Thus, Cl Ut contains a small ball whose radius has a uniform positive 
lower bound. Move the origin to the center of the ball, this yields (|6.3p . The claim is 
verified. 



so 



Proof of Theorem [H We use the some sequence {M t } defined in (|6.4p to construct ft in 
(fOl) . For any m = 0, 1, ■ ■ ■ , n - 1, for any < t < t , a m {W Ut ) G C°°(§ n ). By ([62D, M 
and Newton-MacLaurin inequality, there exists c > independent of t, 

c < cr m (W Ut ) < -. 
c 

Since — (ka/J = n ~* (W Ut ), there exists a > independent of t, such that for any 
1 < / < k < n, 



Mt satisfies equation 



a < — {K Mt ) < -■ 
ai a 



<?l CTn-l 



ft, j- £ C°°(S n ) and the norms of ||/t||c 3 (s«) an d ||-r||e7 3 (§ n ) under control independent 
of < t < io- That is, Mt satisfies conditions in theorem. The previous analysis on Mt 
indicates that estimate (|1.2|) fails and the principal curvature of Mt will blow up at some 
points when t — > to- D 

Acknowledgement: The work was done while the second author was visiting McGill Uni- 
versity. He would like to thank the China Scholarship Foundation for their support. He 
would also like to thank McGill University for their hospitality. 

References 

[1] A.D. Alexandrov,Zwr Theorie der gemischten Volumma von konvexen Krpern, III. Die Erweiterung 

zweier Lehrstze Minkowskis ber die konvexen Polyeder auf beliebige konvexe Flchen, (in Russian). Mat. 

Sb. 3, (1938), 27-46. 
[2] A.D. Alexandrov, Existence and uniqueness of a convex surface with a given integral curvature, Dok- 

lady Acad. Nauk Kasah SSSR 36 (1942), 131-134. 
[3] A.D. Alexandrov, Uniqueness theorems for surfaces in the large. I (Russian), Vestnik Leningrad. Univ., 

11, (1956), 5-17. English translation: AMS Translations, series 2, 21, (1962), 341-354. 
[4] I. Bakelman and B. Kantor, Existence of spherically homeomorphic hypersurfaces in Euclidean space 

with prescribed mean curvature, Geometry and Topology, Leningrad, 1, (1974), 3-10. 
[5] J. Ball, Differentiability properties of symmetric and isotropic functions. Duke Math. J. 51, (1984), 

699-728. 
[6] L. Caffarelli, L. Nirenberg and J. Spruck, The Dirichlet problem for nonlinear second order elliptic 

equations I. Monge-Ampereequations, Comm. Pure Appl. Math. 37, (1984), 369-402. 
[7] L. Caffarelli, L. Nirenberg and J. Spruck, The Dirichlet problem for nonlinear second order elliptic 

equations, III: Functions of the eigenvalues of the Hessian Acta Math. 155, (1985), 261 - 301. 
[8] L. Caffarelli, L. Nirenberg and J. Spruck, Nonlinear second order elliptic equations IV: Starshaped 

compact Weigarten hypersurfaces, Current topics in partial differential equations, Y.Ohya, K.Kasahara 

and N.Shimakura (eds), Kinokunize, Tokyo, 1985, 1-26. 
[9] S.Y. Cheng and S.T. Yau, On the regularity of the solution of the n-dimensional Minkowski problem, 

Comm. Pure Appl. Math., 29, (1976), 495-516. 
[10] K.S. Chou and X.J. Wang, A variational theory of the Hessian equation. Comm. Pure Appl. Math. 

54, (2001), 1029-1064. 
[11] C. Gerhardt, Hypersurfaces of prescribed scalar curvature in Lorentzian manifolds. J. Reine Angew. 

Math. 554, (2003), 157-199. 



31 



[12] B. Guan, The Dirichlet problem for Hessian equations on Riemannian manifolds , Calc. Var. 8, (1999), 

45-69. 
[13] B. Guan and P. Guan, Convex Hyper surf aces of Prescribed Curvature, Annals of Mathematics, 156, 

(2002), 655-674. 
[14] P. Guan, J. Li, and Y.Y. Li, Hypersurfaces of Prescribed Curvature Measure, Duke Math. J. 161, 

(2012), 1927-1942. 
[15] P. Guan, C.S. Lin and X. Ma, The Existence of Convex Body with Prescribed Curvature Measures, 

International Mathematics Research Notices, 2009, (2009) 1947-1975. 
[16] P. Guan, C.S Lin and X. MaTfte Christoff el- Minkowski problem II: Weingarten curvature equations, 

Chin. Ann. Math., 27B, (2006), 595-614. 
[17] P. Guan and X. Ma, Christoff el- Minkowski problem I: convexity of solutions of a Hessian equation, 

Invent. Math., 151, (2003), 553-577. 
[18] Gerhard Huisken and Carlo Sinestrari, Convexity estimates for mean curvature flow and singularities 

of mean convex surfaces. Acta. Math., 183, (1999), 45-70. 
[19] N. Ivochkina, Solution of the Dirichlet problem for curvature equations of order m, Mathematics of 

the USSR-Sbornik, 67, (1990), 317-339. 
[20] N. Ivochkina. The Dirichlet problem for the equations of curvature of order m. Leningrad Math. J. 

2-3, (1991), 192-217. 
[21] L. Nirenberg, The Weyl and Minkowski problems in differential geometry in the large, Comm. Pure 

Appl. Math. 6, (1953), 337-394. 
[22] A.V. Pogorelov, On the question of the existence of a convex surface with a given sum principal radii 

of curvature ( in Russian), Uspekhi Mat. Nauk 8, (1953), 127-130. 
[23] A.V. Pogorelov, The Minkowski Multidimensional Problem, John Wiley, 1978. 
[24] A. Treibergs and S.W. Wei, Embedded hypersurfaces with prescribed mean curvature, J. Diff. Geometry, 

18, (1983), 513-521. 

Department of Mathematics and Statistics, McGill University, Montreal, Canada 
E-mail address: guan@math.mcgill.ca 

School of Mathematical Science, Jilin University, Changchun, China 
E-mail address: rency@jlu.edu.cn 

Department of Mathematics and Statistics, McGill University, Montreal, Canada 
E-mail address: zwang@math.mcgill.ca 



32 



